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HARMONIC MEASURE ON SETS OF CODIMENSION LARGER THAN
ONE
GUY DAVID, JOSEPH FENEUIL, AND SVITLANA MAYBORODA
Abstract. We introduce a new notion of a harmonic measure for a d-dimensional set in
R
n with d < n − 1, that is, when the codimension is strictly bigger than 1. Our measure
is associated to a degenerate elliptic PDE, it gives rise to a comprehensive elliptic theory,
and, most notably, it is absolutely continuous with respect to the d-dimensional Hausdorff
measure on reasonably nice sets. This note provides general strokes of the proof of the latter
statement for Lipschitz graphs with small Lipschitz constant.
Re´sume´ en Franc¸ais. On introduit une nouvelle notion de mesure harmonique sur un
ensemble Γ ⊂ Rn Ahlfors-re´gulier de dimension d < n − 1. Notre mesure est associe´e a` un
ope´rateur diffe´rentiel line´aire elliptique de´ge´ne´re´ L, et a les meˆmes proprie´te´s ge´ne´rales qu’en
codimension 1 (mesure doublante, principe de comparaison pour les fonctions L-harmoniques
positives). De plus elle est absolument continue par rapport a` la mesure de Hausdorff
de dimension d dans des cas simples. Cette note de´crit la de´monstration des proprie´te´s
ge´ne´rales, et de l’absolue continuite´ quantifie´e quand Γ est un petit graphe Lipschitzien et
L est bien choisi.
Key words/Mots cle´s. Harmonic measure in higher codimension, degenerate elliptic oper-
ators, absolute continuity, Dahlberg’s theorem / Mesure harmonique en grande codimension,
ope´rateurs elliptiques de´ge´ne´re´s, continuite´ absolue, the´ore`me de Dahlberg.
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1. Introduction
Recently lots of progress was made in the study of relations between regularity properties
of the harmonic measure ω on the boundary of a domain of Rn (for instance, its absolute
continuity with respect to the Hausdorff measure Hn−1) and the regularity of the domain
(for instance, rectifiability properties of the boundary). In short, the emerging philosophy
is that the rectifiability of the boundary is necessary for the absolute continuity of ω with
respect to Hn−1, and that rectifiability along with suitable connectedness assumptions is
sufficient. Omitting for now precise definitions, let us recall the main results in this regard.
The celebrated 1916 theorem of F.& M. Riesz has established the absolute continuity of the
harmonic measure for a simply connected domain in the complex plane, with a rectifiable
boundary [RR]. The quantifiable analogue of this result (the A∞ property of harmonic mea-
sure) was obtained by Lavrent’ev in 1936 [Lv] and the local version, pertaining to subsets
of a rectifiable boundary, was proved by Bishop and Jones in 1990 [BJ]. In the latter work
the authors also showed that some connectedness is necessary for the absolute continuity of
ω with respect to Hn−1, for there exists a planar set with rectifiable boundary for which the
harmonic measure is singular with respect to the Lebesgue measure. The situation in higher
dimensions, n ≥ 3, is even more complicated. The absolute continuity of ω with respect to
Hn−1 was first established by Dahlberg on Lipschitz graphs [Da] and then extended to non-
tangentially accessible, NTA, domains in [DJ], [Se]. Roughly speaking, the non-tangential
accessibility is an assumption of quantifiable connectedness, which requires the presence of
the interior and exterior corkscrew points, as well as Harnack chains. Similarly to the lower-
dimensional case, counterexamples show that some topological restrictions are needed for
the absolute continuity of ω with respect to Hn−1 [Wu], [Z]. Much more recently, in [HM1],
[HMU], [AHMNT], the authors proved that under a (weaker) 1-sided NTA assumption, the
uniform rectifiability of the boundary is equivalent to the complete set of NTA conditions
and hence, is equivalent to the absolute continuity of harmonic measure with respect to
the Lebesgue measure. Finally, in 2015 the full converse, “free boundary” result was ob-
tained and established that rectifiability is necessary for the absolute continuity of harmonic
measure with respect to Hn−1 in any dimension n ≥ 2 (without any additional topological
assumptions) [AHM3TV] .
The purpose of this work is to start the investigation of similar properties for domains
with a lower-dimensional boundary Γ.
Here we shall systematically assume that Γ is Ahlfors-regular of some dimension d < n−1,
which for the moment does not need to be an integer. This means that there is a constant
C0 ≥ 1 such that
(1.1) C−10 r
d ≤ Hd(Γ ∩ B(x, r)) ≤ C0r
d for x ∈ Γ and r > 0.
We want to define an analogue of harmonic measure, that will be defined on Γ and associated
to a divergence form operator on Ω = Rn \ Γ. We still write the operator as L = divA∇,
with A : Ω → Mn(R), and we write the ellipticity condition with a different homogeneity,
i.e., require that for some C1 ≥ 1,
dist(x,Γ)n−d−1A(x)ξ · ζ ≤ C1|ξ| |ζ | for x ∈ Ω and ξ, ζ ∈ R
n,(1.2)
dist(x,Γ)n−d−1A(x)ξ · ξ ≥ C−11 |ξ|
2 for x ∈ Ω and ξ ∈ Rn.(1.3)
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The effect of this normalization should be to incite the analogue of the Brownian motion
here to get closer to the boundary with the right probability; for instance if Γ = Rd ⊂ Rn
and A(x) = dist(x,Γ)−n+d+1I, it turns out that the effect of L on functions f(x, t) that
are radial in the second variable t ∈ Rn−d is the same as for the Laplacian on Rd+1+ . In
some sense, we create Brownian travelers which treat Γ as a “black hole”: they detect more
mass and they are more attracted to Γ than a standard Brownian traveler governed by the
Laplacian would be.
With merely these assumptions, we solve a first Dirichlet problem for Lu = 0, prove the
maximum principle, the De Giorgi-Nash-Moser estimates and the Harnack inequality for
solutions, use this to define a harmonic measure associated to L, show that it is doubling,
and prove the comparison principle for positive L-harmonic functions that vanish at the
boundary (see below).
Then we take stronger assumptions, both on the geometry of Γ and the choice of L, and
try to prove that the harmonic measure is absolutely continuous with respect to Hd|Γ. Here
we assume that d is an integer and Γ is the graph of a Lipschitz function F : Rd → Rn−d,
with a small enough Lipschitz constant. As for A, we assume that A(x) = D(x)−n+d+1I for
x ∈ Ω, with
(1.4) D(x) =
{ ˆ
Γ
|x− y|−d−αdHd(y)
}−1/α
for some constant α > 0. Notice that because of (1.1), D(x) is equivalent to dist(x,Γ);
when d = 1 we can also take A(x) = dist(x,Γ)−n+d+1I, but when d ≥ 2 we do not know
whether dist(x,Γ) is smooth enough to work. In (1.4), we could also replace Hd with another
Ahlfors-regular measure on Γ.
With these additional assumptions we prove that the harmonic measure described above
is absolutely continuous with respect to Hd|Γ, with a density which is a Muckenhoupt A∞
weight. In other words, we establish an analogue of Dahlberg’s result [Da] for domains with a
higher co-dimensional boundary given by a Lipschitz graph with a small Lipschitz constant.
It is not so clear what is the right condition for this in terms of A, but the authors still hope
that a good condition on Γ is its uniform rectifiability. Notice that in remarkable contrast
with the case of codimension 1, we do not state an additional quantitative connectedness
condition on Ω, such as the Harnack chain condition in codimension 1; this is because such
conditions are automatically satisfied when Γ is Ahlfors-regular with a large codimension.
See Harnack’s inequality below.
2. Sketch of proofs of the main results
The authors intend to give detailed proofs of the results above somewhere else [DFM],
but think that in the mean time the rapid description of the proof given below will give
a fair idea of the arguments. We first introduce some notation. Set δ(x) = dist(x,Γ)
and w(x) = δ(x)−n+d+1 for x ∈ Ω = Rn \ Γ, and denote by σ the restriction to Γ of
Hd. Denote by W = W˙ 1,2w (Ω) the weighted Sobolev space of functions u ∈ L
1
loc(Ω) whose
distribution gradient in Ω lies in L2(Ω, w), and set ||u||W =
{ ´
Ω
|∇u(x)|2w(x)dx
}1/2
for
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f ∈ W . Finally denote by H or H˙1/2(Γ) the set of measurable functions g on Γ for which
||g||2H =
´
Γ
´
Γ
|g(x)−g(y)|2
|x−y|d+1
dσ(x)dσ(y) is finite.
Before we solve Dirichlet problems we construct two bounded linear operators T :W → H
(a trace operator) and E : H →W (an extension operator), such that T ◦E = IH . The trace
of u ∈ W is such that Tu(x) = limr→0
ffl
B(x,r)
u(y)dy := limr→0
1
|B(x,r)|
´
u(y)dy, and even,
analogously to the Lebesgue density property, limr→0
ffl
B(x,r)
|u(y)−Tu(x)|dy = 0 for σ-almost
every x ∈ Γ. Similarly, we check that if g ∈ H , then limr→0
ffl
Γ∩B(x,r)
|g(y)− g(x)|dσ(y) = 0
for σ-almost every x ∈ Γ. The proofs are standard and easy; we typically use the fact that
|u(x) − u(y)| ≤
´
[x,y]
|∇u| for almost all choices of x and y ∈ Ω, for which we can use the
absolute continuity of u ∈ W on (almost all) line segments, plus the important fact that, by
(1.1), Γ ∩ ℓ = ∅ for almost every line ℓ (see the discussion about Harnack below for an even
better result). For the construction of E, we start with the standard proof of the Whitney
extension theorem.
Once we have these operators, we easily deduce from the Lax-Milgram theorem that for
g ∈ H , there is a unique weak solution u ∈ W of Lu = 0 such that Tu = g. For us a weak
solution is a function u ∈ W such that
´
Ω
A(x)∇u(x) · ∇ϕ(x)dx = 0 for ϕ ∈ C∞0 (Ω), the
space of infinitely differentiable functions which are compactly supported in Ω.
Then we follow the Moser iteration scheme to study the weak solutions of Lu = 0, as
we would do in the standard elliptic case in codimension 1. This leads to the quantitative
boundedness (a.k.a. Moser bounds) and the quantitative Ho¨lder continuity (a.k.a. De Giorgi-
Nash estimates), in an interior or boundary ball B, of any weak solution of Lu = 0 in 2B
such that Tu = 0 on Γ ∩ 2B when the intersection is non-empty. The boundary estimates
are trickier, because we do not have the conventional “fatness” of the complement of the
domain, and it is useful to know that
(2.1)
 
B(x,r)
|u(y)|dy ≤ Cr−d
ˆ
B(x,r)
|∇u(y)|w(y)dy
for u ∈ W , x ∈ Γ, and r > 0 such that Tu = 0 on Γ ∩ B(x, r) and that, if V (x, r) denotes´
B(x,r)
w(y)dy,
(2.2){ 1
V (x, r)
ˆ
B(x,r)
∣∣∣u(y)−  
B(x,r)
u
∣∣∣pw(y)dy}1/p ≤ Cr{ 1
V (x, r)
ˆ
B(x,r)
|∇u(y)|2w(y)dy
}1/2
for u ∈ W , x ∈ Ω = Rn, r > 0, and p ∈
[
1, 2n
n−1
+ δ′
)
for some δ′ > 0. For (2.1) we write
that |u(y) − u(ξ)| ≤
´
[y,z]
|∇u| for almost all y ∈ B(x, r), z ∈ Γ ∩ B(x, r) and almost all
ξ ∈ B(z, εr), and then integrate and take a limit; for the weighted Poincare´ inequality (2.2)
we observe that Γ does not interfere with the proof of Poincare´ inequality with weights in
[FKS], because almost every line of Rn is contained in Ω.
We also need to find Harnack chains, and in fact there exists a constant c > 0, that
depends only on C0, n, and d < n − 1, such that for Λ ≥ 1 and x1, x2 ∈ Ω such that
dist(xi,Γ) ≥ r and |x1 − x2| ≤ Λr, we can find two points yi ∈ B(xi, r/2) such that
dist([y1, y2],Γ) ≥ cΛ−d/(n−d−1)r. That is, there is a thick tube in Ω that connects the two
B(xi, r/2).
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With all these ingredients, we can follow the standard proofs for elliptic divergence form
operators, prove a suitable version of the Harnack inequality and the maximum principle,
solve the Dirichlet problem for continuous functions with compact support on Γ, define
harmonic measures ωx for x ∈ Ω (so that
´
Γ
gdωx is the value at x of the solution of
the Dirichlet problem for g), prove that ωx is doubling, and even establish the comparison
principle that says that if u and v are positive weak solutions of Lu = 0 such that Tu =
Tv = 0 on B(x, 2r) ∩ Γ, with x ∈ Γ, then u and v are comparable in B = B(x, r), i.e.,
supz∈B\Γ(u(z)/v(z)) ≤ C infz∈B\Γ(u(z)/v(z)).
Let us point out that while the invention of a harmonic measure which serves the higher
co-dimensional boundaries, which is associated to a linear PDE, and which is absolutely
continuous with respect to the Lebesgue measure on reasonably nice sets, is the main focal
point of this work, various versions of degenerate elliptic operators and weighted Sobolev
spaces have of course appeared in the literature over the years. Some versions of some of
the results listed above or similar ones can be found, e.g., in [A], [FKS], [H], [HKM], and
other sources, not to mention that modulo sorting out some trace questions we followed
the traditional line of development. Since we did not rely on previous work, we hope to be
forgiven for not reviewing the corresponding literature. In our setting, a more intricate and
difficult part of the story is certainly the proof of the A∞ property that we discuss below.
We turn to the proof of absolute continuity (with A∞ estimates) in the case of small
Lipschitz graphs, and for L = divA∇, with A(x) = D(x)d+1−nI. The main initial ingredient
is a bilipschitz change of variable ρ : Rn → Rn, such that ρ(Rd) = Γ, and which is also often
nearly isometric in the last n − d variables. That is, write z = (x, t) the running point of
R
n, with x ∈ Rd and t ∈ Rn−d; we construct ρ, essentially by hand, so that in particular∣∣∣∣D(ρ(x, t))|t| − 1
∣∣∣∣2 dxdt|t|n−d is a Carleson measure relative to Rd ⊂ Rn.
The interest of this ρ is that, when we conjugate L with ρ, we get an operator L˜ = divA˜∇
on Ω˜ = Rn \Rd, and with our good choices of distance D, we can write A˜ as a sum A˜1+ A˜2,
where A˜ and A˜1 satisfy the same ellipticity conditions (1.2) and (1.3) as A (but now relative
to Rd), and in addition each A˜1(x, t) is a block matrix
(
A′1 0
0 A′′1
)
, with A′1 ∈Md(R), while
A′′1 ∈ Mn−d(R) is a multiple of the identity, A
′′
1(x, t) = a
′′
1(x, t)I, and the scalar function
a′′1(x, t) is such that
∣∣|t|∇a′′1(x, t)∣∣2 dxdt|t|n−d is a Carleson measure. As for A˜2, it is small in the
sense that
∣∣A˜2(x, t)∣∣2 dxdt|t|n−d is a Carleson measure. Of course the desired A∞ result for L and
Γ follows from the same thing for L˜ and Rd.
We prove the A∞ bounds in two steps. The first one uses integrations by parts to prove
that whenever the matrix of coefficients A˜ satisfies conditions for the structure and smooth-
ness/size described above, the following localized bound for the square function of an L2-
solution of L˜u = 0, in terms of the maximal nontangential function holds: for every cube
Q ⊂ Rd
(2.3) ‖SQu‖2L2(Q) . ‖N
Qu‖2L2(2Q) +
ˆ
Q
u2 dx.
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Here, the localized square function is
SQu(x, 0) :=
(ˆ
(y,s)∈γQ(x,0)
|∇u(y, s)|2
dyds
|(y, s)− (x, 0)|n−2
)1/2
, x ∈ Rd,
the localized non-tangential maximal function is
NQu(x, 0) := sup
(y,s)∈γ˜Q(x,0)
|∇u(y, s)|, x ∈ Rd,
and γQ is a truncated cone
γQ(x, 0) = {(y, s) ∈ Rn \ Rd : |y − x| ≤ |s|, 0 < |s| < l(Q)},
while γ˜Q is a truncated cone with bigger aperture, that is, the condition |y − x| ≤ |s| in
the definition of γQ is substituted by |y − s| < C|s| for C large enough but depending on
n, d only. By the maximum principle (2.3) entails that if u is a solution L˜u = 0, whose
boundary values on Γ are the characteristic function of a Borel set, then ||t|∇u(x, t)|2 dxdt
|t|n−d
is a Carleson measure. The proof of (2.3) builds on some ideas of [KP], though the fact that
there are n − d linearly independent vectors in the transversal direction to the boundary
brings some completely new difficulties.
We complete the proof with an argument resonating with [KKPT], [KKiPT] which shows
the following. For any elliptic operator L satisfying (1.2)–(1.3) and Γ = Rd, if all the L-
harmonic extensions of characteristic functions of Borel subsets of Rd satisfy the property
that ||t|∇u(x, t)|2 dxdt
|t|n−d
is a Carleson measure, then the harmonic measure for L is A∞-
equivalent the Lebesgue measure on Rd. Note that at this stage no structural or smoothness
conditions on the underlying matrix are required. It is the proof of (2.3) and the core
Carleson measure estimates on solutions that relies on the special structure of the operator.
Recall though that even in codimension 1 one does not expect the absolute continuity of the
harmonic measure with respect to the Lebesgue measure to hold for all elliptic matrices, due
to the counterexamples in [CFK].
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